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Abstract 

Covariant forms are given to a gauge theory of massive tensor field. This is accom- 
plished by introducing another auxiliary field of scalar type to the system composed 
of a symmetric tensor field and an auxiliary field of vector type. The situation is com- 
pared to the case of the theory in which a tensor field describes a scalar ghost as well 
as an ordinary massive tensor. In this case only an auxiliary vector field is needed to 
give covariant expressions for the gauge theory. 
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1. Introduction 



In a previous paperEP (referred to as I) a massive tensor field theory with a smooth massless 
limit was constructed. We applied the Batalin-Fradkin (BF) algorithmic to the pure-tensor 
(PT) model which describes a massive pure tensor of five degrees of freedom. By introducing 
an auxiliary vector field, we converted the original second-class constrained system into a 
first-class one. To the gauge-invariant system we obtained, massless-regular gauge-fixing was 
imposed. The resulting theory was found to have a smooth massless limit. Based on the 
Hamiltonian formalism, however, our formulation is non-covariant from the beginning. The 
final result has been left lacking in covariance. 

The purpose of the present paper is to give covariant forms to the result. This is accom- 
plished by introducing another auxiliary field of scalar type in addition to the auxiliary field 
of vector type. The situation is to be compared to the case of the additional-scalar-ghost 
(ASG) model where a symmetric tensor field describes an additional scalar ghost as well 
as the ordinary massive tensor. For the ASG model, an auxiliary vector field has also to 
be introduced to convert the original second-class constrained system into a first-class one. 
In this case, however, this is enough. It is seen that we can obtain covariant expressions 
without introducing any other auxiliary field. 

In §2, canonical formalism of massive tensor field is presented. It is shown that the 
structures of constraints are different according to the value of a parameter a in mass terms. 
When a = 1, which gives the PT model, we have five kinds of constraints, four second-class 
and one first-class. On the other hand, in the case of a / 1, which corresponds to the 
ASG model, we have only four kinds of second-class constraints. In §3, the BF algorithm 
is applied to these systems. For both cases of a = 1 and a ^ 1, we can convert all the 
second-class constraints to first-class ones by introducing an auxiliary field of vector type. 
In §4, we investigate massless-regular gauge-fixings that allow to take smooth massless limits. 
Covariant expressions for the final results are given in §5. In the case of a ^ 1, we can easily 
find covariant path integral expressions. When a — 1, however, we have to introduce another 
auxiliary field of scalar type in order to write down the result in covariant forms. Section 6 
gives summary. 



2. Canonical formalism 
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A massive tensor field is described by the Lagrangian 
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L[h] = L[h, m = 0] - ^- - ^) , (2-1) 

where L[h,m = 0] represents the Lagrangian for a massless tensor field 

L[h, m = 0] = -~ (d x h^d x h^ - d x hd x h) + dxh^h^ - d^d u h, (2-2) 

/i stands for the trace of /fyj, f/t = , and a is a real parameter. Field equations are 

(□ - m 2 ) V - (2a - 1) (d^du + ^vj) h = 0, (2-3) 

d"V - = 0, (2-4) 
2(a-l)D/i+(4a-l)m 2 /i = 0. (2-5) 

For a = 1 (PT model), the field equations reduce to 

□ - m 2 ) V = 0, (2-6) 

0"V = 0, (2-7) 
/i = 0, (2-8) 

which show that this case purely describes a massive tensor field with five degrees of freedom. 
For other arbitrary value of a ^ 1 (ASG model), the Lagrangian describes an additional scalar 
ghost as well as the ordinary tensor field. In particular a — ~ gives simple field equations 

□ - m 2 ) V = > (2-9) 

To investigate the structure of constraints and Hamiltonian, we have to consider two cases 
of a ^ 1 and a = 1 separately. 

2.1. The case of a ^ 1 

In this case we have two primary constraints 

ip = n ^0, (2-11) 



*) In the present paper Greek indices run — 3, while Latin indices 1 — 3. The metric is rf v = 
(-!,+!, +!,+!). 
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and two secondary constraints 



V?o = d rn d m ti - d m d n h mn - m 2 [(1 - a)ho + ah'} w 0, 
ip™ = d n 7r mn + -d n [d m h n - d n h m ) + m 2 h m « 0, 



(2-13) 
(2-14) 



where 7r°, 7r m and 7r mn are momenta conjugate to ho = /ioo, = ^om and /i m „ respectively, 
and h' denotes the three-dimentional trace h' = /i^. The Poisson brackets between these 
constraints are calculated as 



<p°(x), ¥>;(»')] = (1 - a)m 2 <5 3 (z: - x'), 
[y m (x), ^(x')] = -m 2 ri mn 6 3 (x - a;'). 
<Pi(x),(pY(x')] = am 2 d m 5 3 (x - x'), 
The others = 0. 



(2-15) 
(2-16) 
(2-17) 



The Hamiltonian is 
H = H + 

where 



2(1 - a) 



m 



tt' + d m h r 



^ + [d n h mn + ad m (h -h')}^ m , 



and 



H = H (m = 0) + — (1 - a)h 2 - 2h m h m + h mn h mn + 2ah ti - ah 



H (m = 0) = V"vw - ^tt' 2 + n mn d m h n 
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d m h n d m h n - (d m h m y + d m h d m ti - d m h d n h 



(2-18) 



(2-19) 



+- (d { h mn d l h mn - drU&U) - d x h mn d n h ml + d m h mn d n h'. 



The Poisson brackets between the constraints and the Hamiltonian are 



<p ,H] =ip° 1 + ad m i P r > 



I -2a 



[ip m ,H] = 2< + --^<9V 
x a 

ifl H] = -d rn ip? + — ^— (2d rn d m - 3am 2 ) ip°, 
J 2(1 — a) v y 

K, H] = \d n d n ^ m + 1(1 - 2a)9 m a„^ n . 



(2-20) 

(2-21) 
(2-22) 
(2-23) 

(2-24) 



Equations (2-15), (2-16) and (2-17) show that all the four constraints are of the second class. 
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2.2. The case of a = 1 

This case was studied in I. The results are quoted here for the sake of comparison with 
the case of a ^ 1. Primary constraints are the same as (2-11) and (2-12). For secondary 



constraints, however, we have three in this case 



& = d m d m ti - d m d n h mn - m 2 ti w 



d n 7T mn - 
if 2 = 7T « 0. 



-a n (a m /i n - a n /i m ) + m 2 /i m « o, 



,o A _/ 



(2-25) 
(2-26) 

(2-27) 



The Poisson brackets are 



The Hamiltonian is 



where 



\p1(x),<p?(x') 



\p\{x)y 2 {x') 



-m 2 rf nn 8 3 {x-x'), 
m 2 d m 8 3 (x-x'), 
-2d m 5 3 (x-x'), 
(2d m d m -3m 2 ) 5 3 {x-x'), 



The others = 0. 



H = H + A </ + d n h mn ip m + (h - ti)tp\ 



m 



H = H (m = 0) + — (-2h m h m + h mn h mn + 2h ti - h 
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(2-28) 
(2-29) 
(2-30) 
(2-31) 



(2-32) 



>33) 



with Ho(m = 0) defined by (2-20), and Ao is an arbitrary coefficient. The Poisson brackets 
between the constraints and the Hamiltonian are 



\p°,H] = 0, 
[ V m ,H} = 2^, 



771 

<P° 1 ,H\=-8 m <p? + —<fi i 

[<p?, H] = l -d n (d m ip n + d n ip m ) + 



(2-34) 
(2-35) 

(2-36) 

(2-37) 
(2-38) 



It is seen that tp° is a first-class constraint and the other four constraints are of the second 
class. 



*' Some of the equations have minor differences from the corresponding ones in I. Since the differences 
come from total divergences in the Lagrangian, however, they have no essential effects. 
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§3. Batalin-Fradkin extension 

In this section we convert the second-class constraints into first-class ones by applying 
the BF algorithm. It is seen that for both cases of a ^ 1 and a — 1, the introduction of an 
auxiliary vector field (BF field) 6^ and its conjugate momentum is sufficient to modify 
the constraints and the Hamiltonian. 



3.1. The case of a ^ 1 

By the use of and uj^, we define new field variables as follows, 

ho = ho + #0) 

h = h m f) - a —Ft , fi 



1 — a m 2 



2m 2 



(d m u n + d n to m ) , 



~oA j , ,o 

7T = 7T — UJ , 

~m A _m to ^ a / am, ,n on, ,m\ 

7r = 7r — a; — - — (a — o to ) , 



2m 2 



2 



a 



..mn, ,0 



m 2 v 



1 -a 



(3-1) 
(3-2) 

(3-3) 

(34) 
(3-5) 

(3-6) 



The constraints tp A = (</?°, c^ m , </?°, y?™) and the Hamiltonian are modified as 



= tf 



(/i,tt) -> (/i,7r) 

(/l,7T) -> (/l,7r) 



0, 



(3-7) 
(3-8) 



Their concrete forms are 



V?" 1 - J" 



0. 



</?"" = (/?"" — uj"" « 0, 
^5 = yjO - (1 - a)m 2 6 + a<9 m cj m « 0, 
<p? = (p? + m 2 6 m w 0, 



(3-9) 
(3-10) 
(3-11) 
(3-12) 



and 



H = H + 
+ 



I -2a 
1 - a 

ad m 9o 



d m 6 r , 



2a 



3a 



a \ rrr 



4(1 -a), 



2m 2 



5" ((1 - 2a)<9 m w„ + <9„w m ) 
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- 6^1 + (-29 m + l —^— 2 d m u°) <p\ 
V 1 — a m z J 



o \ -to 



1 — a 



2n 2 



m z 9, 



1 -2a 
1 -a 



+ 



4m 2 
a 1 

1 — a m 



d m u n d m u n +(l-2a) (d m u m ) 
3a 2 



02 



(3-13) 



4(1 -a) 2 

These modified set of constraints and Hamiltonian gives indeed a first-class constrained 
system: 



q>\x)^ B {x>) 



= 0, 
= 0. 



(3-14) 
(3-15) 



3.2. The case of a = 1 

The results for this case have been given in I. We define the following new field variables: 



ho = ho, 



hm — h m -\- 9 m d m uj , 



h = h 



1 1 / 2 

— - (d m U n + d n U m ) — - \ T]mn + -^dmdn ) #0, 



— ^ 
71 = 7T , 

-to — -m , ,m 
7T = 7T — (J 



-^d n (d m co n - d n u m ) - h m 6 , 
2m 2 3 

-run 4 /n + I ^m^n + _ + ^n^O 

2 



(3-16) 
(3-17) 

(3-18) 

(3-19) 
(3-20) 

(3-21) 



The modification of the constraints and the Hamiltonian is carried out as (3-7) and (3-8), 
which gives 



<p° = « 0, 



-m , „m 



ip- = (p- - u m W 0, 

= + <9 m w m + m 2 # ~ 0, 
= <p™ + m 2 e m « 0, 
£° = ^° - 2<9 m # m + 3cu° « 0, 



(3-22) 
(3-23) 
(3-24) 
(3-25) 
(3-26) 



and 



H = H + 



l -(l + — o d n & 



d m 9 



2m 2 



rn ) 



+ 



3 V m z / rrr 



(3-27) 



]4. Gauge fixing 



4.1. TTie case o/o^ 1 
In order to find a nit 

XA = (Xo, Xm, XlO, Xlm)' 



In order to find a massless-regular theory, we impose the following gauge-fixing conditions 

d 



Xo = h « 0, 
d . 3a 

XlO = 7T - i - 

1 — a 

Xim = d n h mn — —d m h ~ 0. 



■a; « 0, 



(4-1) 
(4-2) 
(4-3) 

(4-4) 



The path integral is given by 

Z = f Vn Vn m V7r mn Vh Vh m Vh mn Vu Vu m V9 Ve m ]J 5((p A )5( X A) ]J DetM 

•* A t 

xexpij d 4 x [ir°h + n m h m + 7r mn h mn + u°6 + uj m 6 m - H\ , (4-5) 

where 

M = S^d m d m S 3 (x-x'). (a,/3 = 0-3) (4-6) 

The integrations over n°, n m , ho and h m are easily carried out. The (^-functions S((f>i), S^™) 
and S(xio) are exponentiated as 

5(^)5«)5( X io) = / V\oV\ m V^ exp ^ | d 4 x [Ao^° + A m < + ^io] • (4-7) 

We integrate over 7i mn , write 2h m and /io over A m and Ao respectively, and further integrate 
with respect to 9 , 6 m and fi. Replacing variables as u m — > 2m 2 9 m and cu — > —2(1 — a)m 2 6> ) 
we obtain 



Z = y Vh^VO^S (d n h mn - ^<9 m //) nDetM 
x exp i y d 4 z 



+ ^ (d m /*m - ^' 



(4-8) 
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where 

2 

L[h, 9] = L[h, m = 0] - ^- ((V - <9A - d v 6rf -a(h- 2<9%) 2 ) . 

4.2. The case of a = 1 

For this case, We imposed the following gauge-fixing conditions in I. 

Xo = h « 0, 

Xio = tt' + 3^° « 0, 
Xim = <9 n /w - -9 m /i' « 0, 

X20 = #0 ~ 0. 

The final expression obtained in I was 

Z = J Vh^VO^ [d m h m - h'^j 5 (d n h mn - U m h^j ^DetM 



x exp i 



J d 4 x L[h, 9] 



f 4m 2 9 ( d m 9 m - -h' 



(4-9) 



(4-10) 
(4-11) 
(4-12) 
(4-13) 

(4-14) 



(4-15) 



where 



L[h, 9] = L[h, m = 0] - ^- ((V " " 5,^) 2 " " 2^^)- 



(4-16) 



§5. Covariant expressions 

5.1. The case of a ^ 1 

It is easy to obtain covariant expressions for the generating functional Z (4-8). In consid- 
eration of the fact that the Lagrangian L[h, 9] is invariant under the gauge transformation 
with four arbitrary functions e^{x) 



^ehpuv d^Bj/ -\- dyE^i 



(5-1) 



we can give various expressions for Z. The situation is almost the same as in a massless 
tensor field. For example, for a 'Coulomb-like gauge', we have 

Z = J Vh, v V9,5 (d m h m - h' - /o) 5 (d n h mn - l -d m ti - / m ) I] DetM 
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x exp i J d A xL[h, 9] 

= J vh, v ve,5 (d n h mn - l -d m ti - / m ) n DetM 

x exp i J d 4 x 



L[h,9] + ^-[d m h m -h' 



(5-2) 



(5-3) 



where f^/i = — 3) are arbitrary functions of x, and a is an arbitrary constant, gauge 
parameter. The expression (4-8) is a special case of (5-3). The covariant expressions are also 
obtained as follows: 



Z = J Vh^Ve^h^ - ifyfr - / M )DetiVexp* J d 4 xL[h, 9} 



(54) 



= J vh^ve^vB^Vcf" 



xexpij d 4 x L[h, 9] + B» (d v h^ v - ^d„h + + i^Uc^ 



where N is defined by 



N = 5^D5 4 (x-x'), 



(a,/3 = 0-3) 



(5-5) 



(5-6) 



and the Nakanishi-Lautrup (NL) field B^ and the Faddeev-Popov (FP) ghosts (c M , c M ) have 
been introduced. 



5.2. The case of a = 1 

As the first step to obtain covariant expressions, we introduce another auxiliary field of 
scalar type <f(x) and define a gauge transformation with five arbitrary functions £ M (x) and 
e(x): 

+ d^e, (5-7) 

Se<P = £■ 

The expression (4-15) can be written as 



Z = J Vh^VO^VipS [d m h m - h'^j 5 (d n h mn - U m h^ 5 (d m d m ip) I] DetM' 



x exp i J d A x 



L[h, 9] + 4m 2 9 [ d m 9 m - \ti 



where 



M' = 5ld m d m 8\x -x'). (a, /3 = 0- 4) 



(5-8) 



(5-9) 
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The Lagrangian L[h, 8} can be decomposed into a manifestly gauge-invariant part L[h, 9, p] 
and the rest R[h,6,<p] as 

L[h,9] = L[h,e,<p]+R[h,e,<p], (5-10) 

where 

\2 



d TT~t 

L[h, 9, ip] = L[h, m = 0] - — [(/i^ - <9^A - + 28^8^)' 



-(h- 2.9% + 2Dp) 5 



(V/i m - l -h^ p-\ [d n h mn - I^/i') ar<p 



+ \(ho-\ti)d w d"'r 



(5-11) 



(5-12) 



Because of the existence of three 5-functions in (5-8), R has null effect. The path integral 
then reduces to 

Z = J Vh^VO^VipS (d m h m - h'^j 5 (d n h mn - \d m h^j 5 (d m d m p) n DetM' 

j " V (5-13) 



x exp % J d 4 x L[h, 9, if] + Am 2 e [d m m - -ti 
As the next step, we define the following two gauge-invariant quantities: 
A-'lh, 6,p] = J Ved (V/4 - \h'^ 6 (d n h* mn - l -d m h'^j 5 (d m d m p £ ) , 



x exp % J d 4 x 



lm 2 P (8rP m --h" 



(5-14) 



(5-15) 



In the above, Ve stands for the invariant measure on the gauge group, having the property 

Ve = V(ee') = V(e'e) = Ve, (5-16) 

where e denotes the inverse of e. The quantities like h £ indicate gauge-transformed ones of 
the respective fields. For A'[h,Q,tp] we simply have 

A'[h,e,<p] = IjDetM'. (5-17) 



To evaluate A[h, 9, ip], we take a special gauge orbit O that contains a configuration (h, 6, ip) 
satisfying 

1 . 

0, 



d m h m - \'U 



d n h mn - l -d m ti = 0, 
o m e m - Iti = o. 



(5-18) 
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For this configuration the quantity A[h, 9, ip] is calculated as 

A-^h, 9,<p] = J Ve5 (d m d m e ) 5 (d n d n e m ) 5 (d m d m <p + d m d m e) 

x exp % J d A x Am 2 (J) + e + d m d m e 
= J Ve8 (d m d m e ) 5 (d n d n e m ) 5 (d m d m cp + d m d m e) 
xexpi J d 4 x [-4m 2 (e - (p) d m d m ip 

= (j[ DetM'\ exp 2 J d 



-Am 2 (e Q -(p)d rn d m V ] . (5-19) 



The gauge invariance of this quantity tells that the expression (5-19) is valid for any config- 
uration belonging to O. Since the configuration (h, 9, <p) such that 



d m h rn - l -h 
d n h mn - -d m h' 



o, 
o, 

d m d m (p = 

belongs to O, we can evaluate A[h, 9, <p] for this configuration. We then have 

A[h, 9, ip] = A[h, 9, 0\ = J] DetM'. 

t 

Multiply Eq. (5-13) by 

[The right hand side of (5-15)] x A'[h,9,ip] = 1 

to give 

Z = J Vh^VOnVipS (d m h m -\h^S (d n h mn - U m h^ 5 (d m d m cp) n DetM' 



(5-20) 



(5-21) 



x exp i / d 4 x 



L[h,9, V \+Am%(d m 9 m - l -h l 



x 



/ Vs5 (W m - h'^j 5 [d n h £ mn - ±djF) 5 (d m 9l - hi'^j A'[h, 9, <p]. 



(5-22) 

Change variables from (h,9,tp) to (h',9',<p') = (h £ ,9 £ ,ip 6 ), take into account the gauge- 
invariance of L[h, 9, ip\ and A'[h, 9, <p\ as well as that of the measure Vh flu V9^ l V(p, and remove 
prime signs. Then we have 



z = J vh^ve^Vip 
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J VS5 (W m - -h'^ 5 (V/4„ - -d m h'^ 5 (<9 m d"V) 

xexpij d 4 x (Am 2 6l (d m 6 B m - ^h'^ J\DetM'^ 
x exp i J d 4 xL[h, 6, <p\ 

x5 (d m h m - h') 5 (d n h mn - ld m ti) 5 (d m e m - h') A'[h, 9, p]. 



(5-23) 



In this expression, the factor enclosed in braces is equal to 1 as seen from Q5-21 ). The path 
integral can be expressed as follws, 



z = J vhfjDB^VipS (d m h m - h'^j 6 (d n h mn - h m h'^j 5 (d m e m - V 

11 DetM' exp i f d A xL[h, 9, <p] . (5-24) 



x 

' t 



Coming to this stage, it is an easy task to give covariant forms to Z. That is 

Z = J Vh^VO^DipS (V V - - ffj \ 5 (<9% -\h~f) DetiV' 

x expi J d 4 xL[h,6,ip], (5-25) 

where N' is defined by 

N' = 5^D5\x-x'), (a,/? = 0-4) (5-26) 

and fn and / are arbitrary functions of x. By introducing the Nakanishi-Lautrup fields 
(_B M , B) and the Faddeev- Popov ghosts (c M , c) and (c M , c), we arrive at the final form of the 
path integral 

Z = J Vh^VO^VtpVB^VBVc^Vc^VcVc 

x exp i J d 4 x [L[h, 9, ip) + L GF+FP ] , (5-27) 



^gf+fp = B» ( c^V - -dji + -B,)+ ic»Uc, 



-dnh H — 
2 M 2 

2 2 



B 3% - -h + ^B ) + icBc, (5-2* 



where a and (3 are arbitrary constants, gauge parameters. 
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§6. Summary 

We have given the covariant path integral expressions to the gauge theories of massive 
tensor fields. It has turned out that in the case of the PT model a scalar field in addition to 
a vector field has to be introduced as auxiliary BF field, while only a vector field is necessary 
for the ASG model. The difference comes from that of the constraint structures in the two 
models. 

To construct a complete nonlinear theory which smoothly reduces to general relativity 
in the massless limit is left for future study. 
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